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Introduction The problem we consider is to find all polynomials with integer coefficients possessing three
relative extrema and two points of inflection at integer lattice points. The proof breaks into four relatively
easy steps. First we simplify the problem a little, without any loss of generality, then reduce it to solving a
diophantine equation. Next we solve that equation with the help of a new arithmetic function, then make
sure that our solutions work for the original problem. A high school student with a reasonable background
in math should have little trouble understanding every step of the argument.

The main result, Theorem 1, can be used by calculus and physics teachers to generate problems whose
solutions are always integers. Problems about points moving along curves, for example, are usually more
agreeable if the velocity and acceleration are only zero when an integral length of time has elapsed. It is also
much easier to sketch a curve if its critical points and points of inflection are at lattice points. A polynomial
is called nice if it has integral coeflicients, has integral roots, all of its derivatives have integral roots, and
all of these roots are distinct. As a bonus, we get a classification of all nice cubic polynomials as a corollary.
The topic of writing good calculus problems by finding nice cubic polynomials is discussed in [1] and [2]. A
closely related problem is also solved in [4].

Simplification Consider the polynomial f(x) = Ax* + Ba3 + C2? + Dx + E € Z[z]. Graphically, the
constant E moves the curve up and down and thus has no effect on relative extrema and points of inflection,
so we can let E = 0 without loss of generality. By replacing x with = 4+ r we get a new polynomial in Z[z]
which is just the same curve shifted r units in the negative z direction. What this means is that given any
polynomial in Z[z] with the five desired lattice points, we can use E and r to construct a new polynomial
in Z[z] with the five desired lattice points, one of which is the origin. This process is reversible so we may
assume without loss of generality that any one of the five lattice points is the origin. What it means for
a quartic polynomial to have three relative extrema and two points of inflection at lattice points is that
the first derivative has three integral roots and the second derivative has two, all five of which are distinct.
If a polynomial is multiplied by a constant, then the roots of its derivatives are not altered, hence we can
assume without loss of generality that A is positive (otherwise we multiply through by —1) and that A, B, C,
and D share no common factor greater than 1 (otherwise we multiply though by its multiplicative inverse).
Consider the first derivative f/(r) = 4Ax® 4+ 3Bx? +2Cx + D = 4A(x + a)(z + b)(x + ¢), where —a, —b, and
—c are the roots. Consider also the second derivativef”(z) = 12A2% + 6 Bz + 2C which has the same roots
as 6Ar? +3Bx+ C. Call the roots m and m’, with m > m’, so 6Az2+3Bxr+C = 6A(z —m)(z —m’). When
we equate coefficients, we find that B = (44/3)(a+b+c¢) = —A(m+m’)/2, C = 2A(ab+ac+bc) = 6Amm/,
and D = 4Aabc.

Therefore A divides A, B, C, and D, so without loss of generality A = 1. Thus, by the above equations

and the quadratic formula, we have following equations, where the =+ in the first one is + for m and — for
!/
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B=(4/3)(a+b+c). (2)

C = 2(ab + ac + be). (3)



The Diophantine Equation The idea here is to find a + b and ab in terms of B, m, and ¢, then use the
quadratic formula to find a and b. First we must get C' in terms of m and B, so we isolate C' in Equation (1).

C = —6m? — 3Bm. (4)

Since a, b, ¢ € Z, from Equation (2) we see that 4|B. Let y = B/4, then a+b = 3y — ¢. Combining Equations
(3) and (4) with our equation for a + b yields —6m? — 3Bm = 2ab + 2c¢(a + b) = 2ab + 2¢(3y — ¢), hence
ab = c® — 3cy + 6my — 3m?2.

Now, a and b are the roots of 22 — (a + b)z + ab (let a be the larger root) and can only be integers when
the discriminant (a + b)? — 4ab is a perfect square, say w? (w is non-negative). Combining this w with our
equations for a + b and ab yields w? = 9y? + 6¢y + 24my — 3¢ + 12m?2.

At this point we use the fact that any one of the five roots can be set equal to 0 without loss of generality
to let m = 0 so that w? = 9y? + 6cy — 3c® = 3(y + ¢)(3y — ¢). Let e = y + ¢ so that 3y — ¢ = 4y — e; thus
our equation for w becomes much simpler.

w? = 3e(dy — e). (5)

Note that any three integers e, w, and y that satisfy Equation (5) can be used to construct a polynomial
of the desired form as long as the five roots are distinct (this restriction will be checked later) and w is
congruent to 3y — ¢ modulo 2 (so that a and b are integers), and that any polynomial with the five desired
lattice points must yield a solution to Equation (5).

Solution To solve Equation (5) we need a new arithmetic function. Define v(z) to be the smallest positive
integer whose square is divisible by z. If e = prl(”), then v(e) =[] phe™/21 where the products are over
all primes. Thus v(3e)|w since any perfect square which is divisible by # must also be divisible by v(z)2.
We now split the problem into two cases.

Case 1: 4le
Then there exists an integer k such that 4k = e, thus w? = 12e(y—k), so v(12e)|w (note that v(12e) = 2v(3e),
which will be used later). If w = v(12e), then w?/(12¢) is an integer, so letting y = w?/(12¢) + k yields an
2
integral solution to Equation (5). If w = tv(12¢), then letting y = % yields an integral solution since
t?v(12¢)?/(12¢) and e/4 are both integers. Therefore Equation (5) is soluble when w is any integral multiple

of v(12¢) (i.e. an even multiple of v(3e)).

Case 2: otherwise )

From Equation (5) we see that u(3e)|lw. If w = v(3e), then w?/3e is an integer, so letting y = %
yields a solution to Equation (5), but this time it’s not as obvious that what we get is an integer. If e is even
but not a multiple of 4, then w?/(3e) is also even but not a multiple of 4, so the numerator factors as 2 times
the sum of two odd numbers, and hence is a multiple of 4. If e is odd, then w?/(3e) is also odd and is the
product of primes which divide 3e an odd number of times. Therefore w?/(3e) = 3e (mod 4). This means
w?/(3e)+e

1

that w?/(3e) and e are not congruent modulo 4 since one of them is 1 and the other is 3, thus is

an integer. If w = tv(3e), then y = % is an integer iff ¢ is odd (since we need t? = 1 (mod 4)), thus

there is only a solution when w is an odd multiple of v(3e).
Combining the cases, we find that Equation (5) has an integral solution if and only if
w = tv(3e), (6)

where ¢ > 0 is even if 4|e, and odd otherwise.



Working Backwards Now that we have solved the diophantine equation that came from the original
problem, we must check that no extraneous solutions were picked up along the way. This amounts to
verifying that a and b are integers and that m, m’, —a, —b, and —c are all distinct. By the quadratic
formula, we know that ¢ and b are (3y —ctw)/2 (where the + is + for a and — for b), which is an integer iff
w = 3y —c (mod 2). We already know that 3y —c = 4y —e = e (mod 2), but w = e (mod 2) by Equation (6),
so w = 3y — ¢ (mod 2), so a and b are always integers. To show the roots are distinct, we just consider all
10 cases.

Case 1: —a=—b

This occurs iff w = 0, so we must require w # 0.

Case 2: —a = —c )

Since a = (3y—c+w)/2, this case would make ¢ = (3y—c+w)/2, or w = 3¢—3y = 3e—6y = 36—6(%),
thus w? + (2¢)w — 3e% = 0. The roots of this quadratic are 3¢ and —e, so we must require that w does not
equal either one of these.

Case 3: —b=—c

Similarly (since b = (3y — ¢ — w)/2), we get w? — (2e)w — 3e? = 0, which has roots —3e and e, so we must
require that w is neither one of these.

Case 4: m =m/

Since m = 0, by Equation (1) we would need B2—8C = 0 and B = 0. These imply C = 0, so f'(z) = 423+ D
which has only one real root. Therefore w is not real, which contradicts Equation (6).

Case 5: —a=m )

Since m = 0 and —a = —(4dy—e+w)/2, we need 4y—e+w = 0. Hence w = 674(%), sow = —w?/(3e).
Therefore w = 0 or w = —3e, which we dealt with in Cases 1 and 3.

Case 6: —=b=m

Similarly we get w = 3e, which we dealt with in Case 2.

Case 7: —a=m/

By Equation (1) m' =m — 7”)326;240, but m =0, so C' = 0 by Equation (4). Hence m’ = —3B/6 = —2y. If
m' = —a, then —2y = —(4dy — e + w) /2, so w = e, which we dealt with in Case 3.

Case 8: —b=m’

Similarly we get w = —e, which we dealt with in Case 2.

Case 9: —c=m )

Ifc=0,thene=y= %. Thus w? = 9¢2, so w = +3e, which we dealt with in Cases 2 and 3.

Case 10: —c=m/’ ,

If —c = —2y, then e — y = 2y. Thus e = 3(%), so w? = €2, or w = +e, which we dealt with in Cases
2 and 3.

Condensing, we have that Equation (6) corresponds to a solution of the original problem as long as
w & {0,e,—e,3e, —3e}. The valid solutions generated classify all quartic polynomials with relatively prime
integral coefficients and no constant term possessing three relative extrema and two points of inflection at
lattice points whose point of inflection with greater abscissa is at the origin. To get back to the original
problem, we add the parameters E for vertical displacement, r for horizontal displacement, and A for the
greatest common divisor of A, B, C, and D. Substituting back through the equations now completes the
proof of the following theorem.

THEOREM 1. A quartic polynomial with integral coefficients has three relative extrema and two points of
inflection at lattice points if and only if it is of the form

(tv(3e))? (tv(3e))®  (tv(3e))* a 3e(tv(3e))?

A 144
(@) + A= 4(3¢)? 6e 4

+e)(z+7r)3 +A(—

where A, E, e, r, t € Z, tv(3e) € {0, |e|,|3e|}, and t > 0 is even if 4|e, odd otherwise.

For example, if we take A =1, E =0, r = 0, and e = 1, then ¢ can be any odd integer larger than 1
since v(3e) = |3e|. With t = 3, we get z* + 2823 — 3888z, whose first and second derivatives have roots at



6, —9, —18, 0, and —14.

Conclusion While this problem has been completely solved, many related problems remain open. The
most obvious generalization is to look for higher degree polynomials with the maximum possible number of
relative extrema and points of inflection at lattice points. For quintic polynomials, we can no longer safely
assume that the leading coefficient is 1; it can also be 3, as in 32° — 25023 + 735x. Even more general would
be to demand that third derivatives and beyond must continue to have integral roots distinct from all the
others. It is not known whether or not a nice quartic polynomial exists [3].

In the case of the quartic we can see that f"'(x) = 24Ax + 6B = 24x + 24y, so its root is —y =

2
—w. This root is always an integer when the other roots are, and turns out to be distinct.
The classification of all nice cubic polynomials thus follows almost immediately as a corollary by taking the
derivative with respect to = of the expression in the theorem and allowing A to be rational as long as all of

the coefficients are integers.
COROLLARY 2. A cubic polynomial is nice if and only if it is of the form

(tv(3e))  (tv(3e))* B 3e(tv(3e))?
4(3e)? Ge 4

(tv(3e))?
3

4A(x 4+ 7)% + 3A( +e)(z+7r)*+A(— ),

where e, v, t € Z, A € Q such that all the coefficients are integers, tv(3e) & {0, |e],|3e|}, and t > 0 is even
if 4le, odd otherwise.
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